The Lyapunov exponent and moment Lyapunov exponents of two degrees-of-freedom linear systems subjected to white noise parametric excitation are investigated. The method of regular perturbation is used to determine the explicit asymptotic expressions for these exponents in the presence of small intensity noises. The Lyapunov exponent and moment Lyapunov exponents are important characteristics for determining the almost-sure and moment stability of a stochastic dynamical system. As an example, we study the almost-sure and moment stability of the double-beam system under stochastic compressive axial loading. The validity of the approximate results for moment Lyapunov exponents is checked by the numerical Monte Carlo simulation method for this stochastic system.
Introduction
In recent years there has been considerable interest in the study of the dynamic stability of non-gyroscopic conservative elastic systems whose parameters fluctuate in a stochastic manner. To have a complete picture of the dynamic stability of a dynamic system, it is important to study both the almost-sure and the moment stability and to determine both the maximal Lyapunov exponent and the pth moment Lyapunov exponent. The maximal Lyapunov exponent, defined by
where qðt; q 0 Þ is the solution process of a linear dynamical system. The almost-sure stability depends upon the sign of the maximal Lyapunov exponent which is an exponential growth rate of the solution of the randomly perturbed dynamical system. A negative sign of the maximal Lyapunov exponent implies the almost-sure stability whereas a non-negative value indicates instability. The exponential growth rate E qðt; q 0 ; _ q 0 Þ k k p Â Ã is provided by the moment Lyapunov exponent defined as K q ðpÞ ¼ lim
where E½ denotes the expectation. If K q ðpÞ < 0, then, by definition E qðt; q 0 ; _ q 0 Þ k k p Â Ã ! 0 as t ! 1 and this is referred to as the pth moment stability. Although the moment Lyapunov exponents are important in the study of the dynamic stability of the stochastic systems, the actual evaluations of the moment Lyapunov exponents are very difficult. Arnold et al. (1997) constructed an approximation for the moment Lyapunov exponents, the asymptotic growth rate of the moments of the response of a two-dimensional linear system driven by real or white noise. A perturbation approach was used to obtain explicit expressions for these exponents in the presence of small intensity noises. Khasminskii and Moshchuk (1998) obtained an asymptotic expansion of the moment Lyapunov exponents of a two-dimensional system under white noise parametric excitation in terms of the small fluctuation parameter e, from which the stability index was obtained. Kozić et al. (2008) investigated the Lyapunov exponent and moment Lyapunov exponent of Hill's equation with frequency and damping coefficient fluctuated by white noise. The method of regular perturbation was used to obtain explicit expressions for these exponents in the presence of small intensity noises. Xie (2001) obtained weak noise expansions of the moment Lyapunov exponents of a two-dimensional system under real noise excitation, an Ornstein-Uhlenbeck process. Sri Namachchivaya et al. (1994) used a perturbation approach to calculate the asymptotic growth rate of a stochastically coupled two-degree-of-freedom system. The noise was assumed to be white and of small intensity in order to calculate the explicit asymptotic formulas for the maximum Lyapunov exponent. Jinyu Zhu et al. (2008) studied and established the conditions for the dynamic stability of a four-dimensional system under real noise excitation through the determination of the pth moment Lyapunov exponent. For small noise amplitudes, a method of regular perturbation was used to determine analytical expansions of the moment Lyapunov exponents and Lyapunov exponent, which were shown to be in good agreement with those obtained using numerical approaches. Sri Namachchivaya and Van Roessel (2004) used a perturbation approach to obtain an approximation for the moment Lyapunov exponents of two coupled oscillators with commensurable frequencies driven by small intensity real noise with dissipation. The generator for the eigenvalue problem associated with the moment Lyapunov exponents was derived without any restriction on the size of pth moment.
The aim of this paper is to determine a weak noise expansion for the moment Lyapunov exponents of the four-dimensional stochastic system. The noise is assumed to be white noise of small intensity such that one can obtain an asymptotic growth rate. We apply the perturbation theoretic approach given in Khasminskii and Moshchuk (1998) to obtain second-order weak noise expansions of the moment Lyapunov exponents. The Lyapunov exponent is then obtained using the relationship between the moment Lyapunov exponents and the Lyapunov exponent. These results are applied to study the pth moment stability and almost-sure stability of a double-beam system under compressive axial loading. It is assumed that the two beams of the system are simply supported and continuously joined by a Winkler elastic layer. The motion of the beams is governed by the partial differential equations Zhang et al. (2008) . The approximate analytical results of the moment Lyapunov exponents are compared with the numerical values obtained by the Monte Carlo simulation approach for these exponents of four-dimensional stochastic system.
Theoretical formulation
Consider linear oscillatory systems described by equations of motion of the form
where q 1 ; q 2 are generalized coordinates, x 1 ; x 2 are natural frequencies and eb 1 ; eb 2 represent small viscous damping coefficients. The stochastic term e 1=2 nðtÞ is a white-noise process with small intensity. The almost-sure and moment stability of the equilibrium state q ¼ _ q ¼ 0 of Eq. (3) is to be investigated. Using the transforma- 
is the white-noise process with zero mean and autocorrelation function
where r is the intensity of the random process nðtÞ; dð Þ is the Dirac delta function and E½ denotes expectation. Applying the transformation x 1 ¼ a cos u cos h 1 ; x 2 ¼ Àa cos u sin h 1 ; 0 6 h 1 6 2p; 0 6 h 2 6 2p; 0 6 u 6 p=2; 
introducing the new norm process S by means of the scalar function Tðh 1 ; h 2 ; uÞ which is defined on the stationary phase processes h 1 ; h 2 and u in the ranges 0 6 h 1 6 2p; 0 6 h 2 6 2p; 0 6 u 6 p=2.
If the transformation function Tðh 1 ; h 2 ; uÞ is bounded and non-singular, both processes P and S possess the same stability behavior.
Therefore, transformation function Tðh 1 ; h 2 ; uÞ is chosen so that the drift term, of the Itô differential Eq. (13), does not depend on the phase processes h 1 ; h 2 and u, so that
Comparing Eqs. (13) and (14), it can be seen that such transformation function Tðh 1 ; h 2 ; uÞ is given by the following equation:
Here L 0 and L 1 are the following first and second-order differential operators: 
Eq. (15) defines an eigenvalue problem for a second-order differential operator of three independent variables, in which KðpÞ is the eigenvalue and Tðh 1 ; h 2 ; uÞ the associated eigenfunction. From Eq.
(14), the eigenvalue KðpÞ is seen to be the Lyapunov exponent of the pth moment of system (4), i.e., KðpÞ ¼ K xðtÞ ðpÞ. This approach was first applied by Wedig (1988) to derive the eigenvalue problem for the moment Lyapunov exponent of a two-dimensional linear Itô stochastic system. In the following section, the method of regular perturbation is applied to the eigenvalue problem (14) to obtain a weak noise expansion of the moment Lyapunov exponent of a four-dimensional stochastic linear system.
Weak noise expansion of the moment Lyapunov exponent
Applying the method of regular perturbation, both the moment Lyapunov exponent KðpÞ and the eigenfunction Tðh 1 ; h 2 ; uÞ are expanded in power series of e as
Substituting the perturbation series (20) into the eigenvalue problem (15) and equating terms of the equal powers of e leads to the following equations:
where each function T i ðh 1 ; h 2 ; uÞ; i ¼ 0; 1; 2; . . . must be positive and periodic in the range 0 6 h 1 6 2p; 0 6 h 2 6 2p.
Zeroth order perturbation
The zeroth order perturbation equation is
From the property of the moment Lyapunov exponent, it is known that 
so we have
Now the first-order perturbation equation is reduced to 
Each function f 0 ðh 1 ; h 2 Þ; f 1 ðh 1 ; h 2 Þ; f 2 ðh 1 ; h 2 Þ; f 3 ðh 1 ; h 2 Þ here is periodic in h 1 and h 2 , 
Then, after a lengthy calculation, we get
Here C 1 ðh 2 À kh 1 Þ; C 2 ðh 2 À kh 1 Þ; C 3 ðh 2 À kh 1 Þ; C 4 ðh 2 À kh 1 Þ are same arbitrary functions of two variables for which we make assumptions as follows:
Unknown constants A 1i ; B 1i ; C 1i ; i ¼ 0; 1; 2; 3 will be determined so that each function T 1i ðh 1 ; h 2 Þ; i ¼ 0; 1; 2; 3 must be positive and periodic 
Þð2 þ pÞr 2 cos 2 2kp 4 sin 2kpð5 cos 2kp þ cos 6kpÞx 1 ;
16ð3 sin 2kp þ sin 6kpÞx 1 ;
64ð4 sin 4kp þ sin 8kpÞx 1 ;
Second-order perturbation
The equation for the second-order perturbation is
It is required that function 
The corresponding results for K 2 ðpÞobtained after a lengthy calculation using software Mathematica 6,
in which the values K 21 ðpÞ; K 22 ðpÞ and K 23 ðpÞ are given in Appendix A. The weak noise expansion of the moment Lyapunov exponent in the second-order perturbation for oscillatory system (3) is obtained as
The Lyapunov exponent in the second-order perturbation for oscillatory system (3) can be obtained from Eq. (40) by using a property of the moment Lyapunov exponent k ¼ dKðpÞ dp
The values k 21 ; k 22 and k 23 are given in Appendix B.
Application to a double-beam under compressive stochastic load
The purpose of this section is to present the general results of the above sections in the context of real engineering applications and show how these results can be applied to physical problems. To this end, we consider the transverse vibration instability of a double-beam system subjected to stochastic compressive axial loading. It is assumed that the two beams of the system are simply supported and continuously joined by a Winkler elastic layer. The motion of the beams is governed by the partial differential equations Zhang et al. (2008) . This theory is based on the assumption that plane cross-sections of a beam remain plane during flexure and that the radius of curvature of a bent beam is larger than the beam's depth. It is valid only if the ratio of the depth to the length of the beam is small, both the rotary inertia and shear deformation should be negligible. Following the Bernoulli-Euler beam theory, the general equations for transverse vibrations of the elastically connected beams shown in Fig. 1 are given as follows:
where F 1 ðtÞ and F 2 ðtÞ are stochastically varying static loads, w 1 and w 2 are transverse beam deflections which are positive if downward, I 1 ; I 2 and A 1 ; A 2 are the moments of inertia of the beams cross-section and the cross-sectional area of the beams, and E and q, Young's modulus and the mass density. Thus, EI 1 ; EI 2 denote the bending stiffness of the beams, qA 1 ; qA 2 and d 1 ; d 2 represent the mass density and damping coefficients per unit axial length, respectively, and K is the stiffness modulus of a Winkler elastic layer. If we suppose that both beams have the same length l of the elastically connected double-beam system and their ends are simply supported, the boundary conditions are given by w 1 ð0; tÞ ¼ w 1 ðl; tÞ ¼ 0;
Eq. (42) are difficult to solve in this form, and therefore, an approximate solution can be sought using the same discretizing technique 
Substituting w 1 and w 2 from Eq. (44) into the equations of motion (42) and employing Galerkin method unknown time functions can be expressed as
If we are defined the expressions
and assume that the compressive axial forces are stochastic whitenoise processes with small intensity
then Eq. (45) is reduced to Eq. (3).
Moment Lyapunov exponent, Lyapunov exponent and stability conditions
For the sake of simplicity, we assume, in what follows, that two beams of the elastically connected double-beam system have the same cross-sectional area. It follows from the assumption that
The values for the parameters of the system used in the numerical calculations are given as follows:
From expressions (46) the natural frequencies x 1 ¼
19:739 s
À1 and x 2 ¼ 24:674 s À1 are calculated for the basic parameters characterizing the vibrating system. Using the above result for the moment Lyapunov exponent KðpÞ ¼ eK 1 ðpÞ þ Oðe 2 Þ with the definition of the moment stability KðpÞ < 0 we determine analytically the pth moment stability boundary of the oscillatory system in the first-order perturbation for various values p ¼ 1; 2; 4, respectively
It is known that the oscillatory system (3) is asymptotically stable only if the Lyapunov exponent k < 0. Then expression
Þ is employed to determine the almost-sure stability boundary of the oscillatory system in the first-order perturbation À 0:000987713d 2 þ 2:38732 Â 10
We determine the almost-sure stability boundary in the second-order perturbation by the same procedure applied to Eq. (41) and the solution of the following equation:
Numerical determination of the pth moment Lyapunov exponent and conclusions
The numerical determination of the pth moment Lyapunov exponent is important in assessing the validity and the ranges of applicability of the approximate analytical results. For systems of large dimensions, it is very difficult, if not impossible, to obtain analytical results. In many engineering applications, the amplitudes of noise excitations are not small and the approximate analytical methods, such as the method of perturbation or the method of stochastic averaging, cannot be applied. Therefore, numerical approaches have to be employed to evaluate the moment Lyapunov exponents. The numerical approach is based on expanding the exact solution of the system of Itô stochastic differential Eq. (54) in powers of the time increment h and the small parameter e as proposed in Milstein and Tret'Yakov (1997) . The state vector of the system (4) is to be rewritten as system of Itô stochastic differential equations with small noise in the form dx 1 ¼ x 1 x 2 dt ¼ã 1 ðt; XÞ þ eb 1 ðt; XÞ h i dt þ ffiffi ffi e p r 11 ðt; XÞdWðtÞ; 
and n; g are random variables simulated using the following twopoint distribution:
Having obtained N samples of the solutions of the stochastic differential Eq. (44) the pth moment can be determined as follows:
By the Monte Carlo technique we numerically calculate the pth moment Lyapunov exponent for all values of p of interest, defined as
The function KðpÞ in the limit of large time ðT ! 1Þ tends towards the moment Lyapunov exponent. In this paper, the dynamic stability of the class of four-dimensional dynamic systems subjected to parametric excitation in the stiffness term which is described by a white noise process is studied by determining the moment Lyapunov exponent and the Lyapunov exponent. The partial differential eigenvalue problem governing the moment Lyapunov exponent is established using the theory of stochastic dynamical systems. For weak noise excitations, a singular perturbation method is employed to obtain second-order expansions of the moment Lyapunov exponent. The Lyapunov exponent is then obtained using the relationship between the moment Lyapunov exponent and the Lyapunov exponent. When the Lyapunov exponent is negative, system (4) is almost-sure stable with probability 1, otherwise it is unstable. The results obtained above can be directly applied to analyse the transverse vibration instability of a double-beam system subjected to stochastic compressive axial loading. For the purpose of illustration, in the numerical study considered above we choose set system parameters. Fig. 2 . shows the almost-sure and pth moment stability boundaries in the first and second perturbation with respect to the damping coefficients d 1 and d 2 . Note that the moment stability boundaries are more conservative than the almost-sure boundary. These boundaries become increasingly more conservative as p increases as shown in Fig. 2 . Typical results of the moment Lyapunov exponents KðpÞ for system (4) given by Eq. (40) in the first and second perturbation are shown in more versatile, especially when the noise excitations cannot be described in such a form that can be treated easily using analytical tools. From the Central Limit Theorem, it is well known that the estimated pth moment Lyapunov exponent is a random number, with the mean being the true value of the pth moment Lyapunov exponent and standard deviation equal to n p = ffiffiffiffi N p , where n p is the sample standard deviation determined from N samples. Standard deviation of the estimated pth moment Lyapunov exponent can be reduced by increasing the number of samples N ¼ 4000. The total time of simulation is 5 s and the t ¼ 0:0005 is the time step of integration. Dotted line represents the plotted numerical results of the pth moment Lyapunov exponent KðpÞ from the Monte Carlo simulation in Fig. 3 for d 
